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ABSTRACT:  34 
The present work proposes a new theoretical model for predicting both the splitting tensile (qt) 35 
and compression strengths (qu) of artificially cemented sands and assesses their ratio for a given 36 
material. The proposed developments are based on the concept of superposition of failure 37 
strength contributions of the sand and cement phases. The sand matrix obeys the critical state 38 
soil mechanics concept, while the strength of the cemented phase can be described using the 39 
Drucker-Prager failure criterion. The analytical solutions are challenged against experimental 40 
tests on three different cemented clean sands, cured for different time periods. While the 41 
analytical relation fits well the experimental data, it also provides a theoretical basis for the 42 
explanation of some features related to the experimentally derived strength relationships for 43 
cemented clean sands. The value of the power relationship between strengths and the 44 
porosity/cement ratio index seems governed by soil matrix properties, while the dependency 45 
between the strengths and the curing time can also be captured. For a given cemented sand, the 46 
model equally confirms the existence of a unique tensile/compressive strength (qt/qu) ratio, 47 
independent of the curing time and primarily governed by the compressive to tensile strength 48 
ratio (or the friction properties) of the cement. It is also confirmed that the qt/qu ratio changes 49 
within a narrow range for different frictional properties of the cementing phase. 50 
 51 
Keywords: Modelling, sands, Portland cement, tensile strength, compressive strength, 52 
porosity/cement ratio.   53 
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1 INTRODUCTION 54 
Improving the mechanical characteristics of soils by mixing with small amounts of binding 55 
agents, such as cement, is employed worldwide to foster the reuse of locally available soils and 56 
decrease construction costs. The main purpose of this ground improvement technique is to 57 
reproduce the stable internal structure of naturally cemented or weakly bonded soils, resulting 58 
in an increased stiffness and peak frictional strength (e.g. Saxena and Lastrico 1978; Dupas 59 
and Pecker 1979; Clough et al. 1981) as well as in the development of some tensile strength 60 
(e.g. Leroueil and Vaughan 1990; Clough et al. 1981). These mechanical improvements 61 
generally come at the limited expense of a pronounced post-peak brittleness (e.g. Abdulla and 62 
Kiousis 1997a; Wang and Leung 2008), caused by the breakage of the artificial cementing 63 
bonds during loading. 64 
The addition of cementing agents, especially Portland cement, has been widely adopted in 65 
many geotechnical applications to control excessive displacements or settlements of shallow 66 
foundations, in slope protection for earth dams, to prevent liquefaction of loose granular soils 67 
and in subgrades and base courses for roads and airfield (e.g., Saxena et al. 1988; Porbaha et 68 
al. 1998; Gallagher and Mitchell 2002; Thomé et al. 2005; Mitrani and Madabhushi 2010). The 69 
technique seems particularly beneficial when applied as a compacted stratum on the top of 70 
weak soil layers (Consoli et al., 2009a). Consoli et al. (2009a) has shown that the failure 71 
mechanism of cemented sand top layers vertically loaded with plates is triggered once the 72 
tensile stresses at the bottom of the cemented top layer reach the tensile resistance of the 73 
material. Faro et al. (2015) has shown that cement treated sand layers built around the top of 74 
laterally loaded piles collapse due to the development of excessive compressive stresses. All 75 
the above mentioned geotechnical applications have in common a low confining stress level 76 
and in these situations the compressive and tensile strength characterisation of the cemented 77 
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soil from unconfined compression and splitting tensile tests can offer relevant data for the 78 
appropriate design of cement-soil mixture (e.g., Gomez and Anderson 2012). 79 
Possible dosage methodologies of sand-cement blends must consider the effect of distinctive 80 
variables (e.g. quantity of cement and porosity). Based on laboratory experiments, Consoli et 81 
al. (2009b) found out an index named porosity/cement ratio (η/Civ) that plotted against 82 
unconfined compressive strength (qu) defines a power relationship for a given clean sand and 83 
Portland cement type under unsaturated conditions (i.e low moisture contents in which pores 84 
of the sample are not predominantly water filled during fabrication (Consoli et al. 2009c)) of 85 
the following form: 86 
𝑞𝑢 = 𝑋 ⌊
𝜂
𝐶𝑖𝑣
⌋
𝑍
                                           (1) 87 
where porosity (η) is expressed as percentage of the volume of voids divided by total volume 88 
of the specimen while volumetric cement content (Civ) is expressed as percentage of the volume 89 
of cement divided by the total volume of the specimen. X and Z are material parameters that 90 
dependent on the sand and binder type. Volume changes during curing are neglected in this 91 
approach. Consoli et al. (2010) have experimentally extended and confirmed the usefulness of 92 
such index in controlling the splitting tensile strength (qt) of artificially cemented sands. They 93 
employed the same sand and Portland cement as used in previous research, and a power 94 
relationship with similar shape was obtained: 95 
𝑞𝑡 = 𝑌 ⌊
𝜂
𝐶𝑖𝑣
⌋
𝑍
                                                                 (2) 96 
where Z appears to retain the same value as for the compression case (1), while Y parameter 97 
shows a distinct value from X. In order to check if a qt/qu relationship was a function of the 98 
porosity, cement content or porosity/cement ratio, Consoli et al. (2010) deduced experimental 99 
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relationships of types (1) and (2) for Osorio sand – Portland cement blend and then divided the 100 
relation(2) by (1), yielding a scalar:  101 
𝑞𝑡
𝑞𝑢
=
4,266⌊
𝜂
𝐶𝑖𝑣
⌋
−1.30
28,327⌊
𝜂
𝐶𝑖𝑣
⌋
−1.30 = 0.15                                            (3) 102 
This result indicates that there is a straight proportionality between tensile and compressive 103 
strengths, and this relation is independent of porosity, cement content and porosity/cement 104 
ratio, and that was valid for the whole studied porosity and cement ranges (see Fig. 1 for Osorio 105 
sand – Portland cement blend). 106 
The qt/qu ratio of artificially cemented granular soils is an important parameter that allows the 107 
estimation of qt knowing qu or vice versa, considering the whole porosity and volumetric 108 
cement content studied. Besides, Consoli (2014) has shown a theoretical framework proving 109 
that the friction angle of cemented granular soil is unique for a given soil and cement and its 110 
value is a function only of qt/qu ratio. Conversely, the cohesion of cemented granular soil can 111 
be determined if both qu and qt/qu are known. Floss (2012) extended such studies to other clean 112 
sands (a gravelly sand and a sand derived from crushed basalt) treated with Portland cement. 113 
The result trends by Floss (2012) were similar to those obtained by Consoli et al. (2010): the 114 
qt/qu relationship of the two clean sands treated with cement yielded distinct scalars ranging 115 
from 0.15 to 0.18.  116 
While a few constitutive models have been proposed for predicting the complete mechanical 117 
behaviour of cemented sands (e.g. Abdulla and Kiousis, 1997b; Sun and Matsuoka, 1999; 118 
Vatsala et al., 2001 and Gao and Zhao, 2011), the empirical relationships in Eqs (1), (2) and 119 
(3) provide simple means to predict the unconfined compressive and tensile strengths of 120 
cemented soils and their ratio, that can be used for dosage determination of sand-cement blends. 121 
To increase confidence for the broader use of such empirical relationships, Diambra et al. 122 
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(2017) have developed a theoretical framework based on the superposition of the individual 123 
failure strength contributions of both constituents to link the empirical coefficients X and Z 124 
governing the unconfined compressive strength (qu) to both sand and cement properties. The 125 
present paper extends such theoretical framework to the prediction of tensile strength (qt) of 126 
cement-sand blends and it theoretically corroborates the experimental observations on the 127 
existence of a ratio  qt/qu, independent of moulding density and cement content, for three 128 
different cemented materials cured for different time periods. Insight on the constituents’ 129 
physical parameters role on controlling the strength of the cemented soil and the qt/qu ratio is 130 
also explored. 131 
2 THEORETICAL MODEL 132 
2.1 Testing boundary and stress conditions 133 
Typical boundary stress and strain conditions for the unconfined compression and the splitting 134 
tensile tests at failure are shown in Fig. 2. The unconfined compression test presents 135 
axisymmetric testing conditions (Fig. 2a) and the failure strength (qu) is equal to the vertically 136 
applied stress (σz). The stress and strain conditions of a splitting tensile test are slightly more 137 
complex. A cylinder is placed horizontally and loaded along its cross-section diameter and 138 
plane strain loading conditions (εy=0) result on this section (Fig. 2b). Stress conditions are 139 
invariably not uniform within the loaded specimen but we could concentrate on a small finite 140 
element at the centre of a cross-section disk. The vertical and horizontal principal stresses on 141 
this element, σz and σx, equal 3qt and qt, respectively, as theoretically demonstrated by Jaeger 142 
et al. (2007).  143 
The stress state for both tests could be expressed in terms of the maximum shear, t, and mean, 144 
s, stress invariants [t= (σz- σx)/2; s= (σz+ σx)/2]. By imposing the boundary stress conditions 145 
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for both loading cases shown in Fig. 2, the stress ratios at failure for the unconfined 146 
compression (ku) and splitting tensile (kt) tests at failure can be expressed respectively as: 147 
 𝑘𝑢 =
𝑡𝑢
𝑠𝑢
= 1                          (4) 148 
𝑘𝑡 =
𝑡𝑡
𝑠𝑡
= 2         (5)    149 
where the subscripts u and t of the stress variables (t and s) distinguish between unconfined 150 
compression and tensile testing conditions, respectively.  151 
2.2 Modelling hypothesis 152 
The artificially cemented sand is assumed an isotropic composite material made of two separate 153 
constituents, each one obeying to its own constitutive law: the granular sand matrix and the 154 
cementing phase. Three main assumptions are further introduced:  155 
1) The behaviour of the composite cemented sand at the failure point is determined by 156 
superposing the strength contributions of the two constituent phases (similarly to the 157 
stress superposition approach used by Abdulla and Kiousis 1997b and Vatsala et al. 158 
2001); 159 
2) the sand matrix is expected to be close to peak strength conditions when the cementing 160 
bonds break, therefore the failure of the composite cemented sand can be determined 161 
by imposing  simultaneous failure of both the cemented and the sand matrix phases;  162 
3) Strain compatibility between the composite and its two constituent phases, sand matrix 163 
and cement, applies (similarly to the parallel spring approach assumed in Vatsala et al. 164 
2001). 165 
By using a volumetric averaging approach (Diambra et al., 2011; Diambra et al., 2013; 166 
Diambra and Ibraim, 2015), the stress state of the composite material (t,s) can be derived from 167 
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the failure stress states of the sand matrix (tm,sm) and the cementing phase (tc,sc) based on the 168 
following relationship:  169 
[
𝑡
𝑠
] = 𝜇𝑚 [
𝑡𝑚
𝑠𝑚
] + 𝜇𝑐 [
𝑡𝑐
𝑠𝑐
] (6) 170 
where 𝜇𝑚  and 𝜇𝑐  are the volumetric concentrations of sand and cement in the composite 171 
material, respectively. It should be noted that the volumetric cement concentration 𝜇𝑐 equals 172 
Civ/100.  173 
2.3 Failure relations for constituent phases 174 
2.3.1 Cement phase 175 
It is considered that the strength of the cement phase is simply described by the Drucker-Prager 176 
failure criterion, which can be expressed in terms of the maximum shear and mean stresses as 177 
follows: 178 
𝑡𝑐 = 𝑏𝑐 +𝑀𝑐𝑠𝑐  (7) 179 
where the terms 𝑏𝑐 and 𝑀𝑐 represents the intercept and the slope of the failure line in the t-s 180 
stress plane and, using the developments of Consoli et al. (2014), they can be linked to both 181 
the uniaxial compressive (𝜎𝑐
𝑐) and tensile (𝜎𝑐
𝑡) strengths of the cement phase by the following 182 
expressions: 183 
𝑏𝑐 = −
𝜎𝑐
𝑐
𝛽+2
 (8) 184 
𝑀𝑐 =
𝛽+4
𝛽+2
  (9) 185 
where β represents the ratio between the uniaxial compression and extension strengths: 186 
𝛽 =
𝜎𝑐
𝑐
𝜎𝑐
𝑡 (10) 187 
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2.3.2 Granular soil phase 188 
In soil constitutive modelling, it is customary to link the strength of the granular soils with a 189 
state parameter (), which quantifies the difference between the current density state from the 190 
corresponding one at the critical state (Been and Jefferies, 1985). It is possible to express the 191 
state parameter in terms of the material porosity (η for current porosity and ηcs for the 192 
corresponding porosity at the critical state) using the following definition: 193 
𝜓 =
𝜂𝑐𝑠
𝜂
   (11) 194 
where >1 represents a state on the loose side of the critical state line (CSL), while <1 195 
represents a state on the dense side of the CSL. Thus, the granular soil stress ratio at failure can 196 
then be expressed by the following expression: 197 
𝑡𝑚
𝑠𝑚
= 𝑀∗ = 𝑀(
𝜂𝑐𝑠
𝜂
)
𝑎
  (12) 198 
where M* represents the peak strength, M is the critical state strength and a is a model 199 
parameter which links the peak strength to the state parameter, . 200 
2.4 Strength relationship for artificially cemented sand 201 
By substituting equations (6), (7) and (12) into equations (4) and (5) for the composite stress 202 
paths, it is possible to obtain the following expressions for the maximum shear stresses tu and 203 
tt for unconfined compression and splitting tensile testing conditions, respectively: 204 
𝑡𝑢 = 𝜇𝑐 (
𝑏𝑐+𝑀𝑐 𝑠𝑐𝑢 −𝑀
∗𝑠𝑐𝑢
1−𝑀∗
)   (13) 205 
𝑡𝑡 = 2𝜇𝑐 (
𝑏𝑐+𝑀𝑐𝑠𝑐𝑡−𝑀
∗𝑠𝑐𝑡
2−𝑀∗
)  (14) 206 
However, these relationships (13) and (14) are dependent on the mean stresses developed on 207 
the cement phase (𝑠𝑐𝑢  and 𝑠𝑐𝑡  for unconfined compression and splitting tensile strengths, 208 
respectively), which are actually unknown at this stage. Considering the low strain level 209 
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generally induced during the tests prior to failure, elastic conditions can be generally assumed 210 
to prevail up to the failure point (Jaeger et al., 2007; Consoli et al. 2009a). Thus, by assuming 211 
an elastic behaviour for both the composite and the cementing phases, the developments 212 
detailed in the Appendix can be used to determine the mean stress contribution of the cementing 213 
phase (sc) at failure for both testing conditions: 214 
𝑠𝑐𝑢 =
𝑏𝑐
𝐾𝑢−𝑀𝑐
      (15) 215 
𝑠𝑐𝑡 =
𝑏𝑐
𝐾𝑡−𝑀𝑐
      (16) 216 
where Ku and Kt describe the stress paths (in terms of tc/sc ratio) followed by the cement phase 217 
which, according to the developments in the Appendix, can be expressed as:  218 
𝐾𝑢 =
2𝜈𝑐𝜈−1+2𝜈𝑐−𝜈
2𝜈𝑐𝜈−1+𝜈
        (17) 219 
𝐾𝑡 = 2
2𝜈𝑐−1
2𝜈−1
        (18) 220 
where ν is the Poisson’s ratio of the composite cemented soil and νc is the Poisson’s ratio for 221 
the cement phase. By substitution of equations (15) and (16) into (13) and (14) respectively 222 
and using equations (8) and (9), the following analytical expressions for the unconfined 223 
compressive (qu) and tensile (qt) strengths can be obtained, respectively:  224 
𝑞𝑢 = 2𝑡𝑢 =
2 𝜇𝑐 𝜎𝑐
𝑐
(𝛽+4)−𝐾𝑢(𝛽+2)
(
𝐾𝑢−𝑀(
𝜂𝑐𝑠
𝜂
)
𝑎
1−𝑀(
𝜂𝑐𝑠
𝜂
)
𝑎 )  (19) 225 
𝑞𝑡 =
𝑡𝑡
2
=
𝜇𝑐 𝜎𝑐
𝑐
(𝛽+4)−𝐾𝑢(𝛽+2)
(
𝐾𝑡−𝑀(
𝜂𝑐𝑠
𝜂
)
𝑎
2−𝑀(
𝜂𝑐𝑠
𝜂
)
𝑎 )    (20) 226 
Relationships (19) and (20) provide direct expressions of the compressive and tensile strengths 227 
of the cemented sand as function of the porosity (η, presented as percentage) and the cement 228 
content (μc) variables, with μc = Civ/100. The relations employ seven parameters: three for the 229 
soil matrix (M, ηcs, a), three for the cement phase (𝜎𝑐
𝑐 ,  β, νc), and one for the composite 230 
11 
 
cemented soil (ν), as summarised in Table 1. Since the proposed developments refer to 231 
unconfined testing conditions only, it appeared reasonable to consider the soil porosity at 232 
critical state ηcs independent of the mean stress level and thus a material constant.  233 
3 MODEL PREDICTIONS 234 
The validity of the proposed relationships for the unconfined compression and tensile strengths 235 
have been assessed by direct comparison with experimental data obtained on three different 236 
cemented sands reported in the literature: 237 
1) Uniform Osorio sand + early strength Portland cement cured at 3, 7 and 28 days (Consoli 238 
et al., 2010); 239 
2) Gravelly sand + early strength Portland cement cured at 7 days (Floss, 2012); 240 
3) Crushed basalt + early strength Portland cement cured at 7 days (Floss, 2012). 241 
The physical properties and moulding parameters for the three materials are reported in Tables 242 
2 and 3, respectively, while their particle size distribution is shown in Figure 3.  243 
3.1.1 Selection of model parameters 244 
As shown in Table 1, the model requires the calibration of seven parameters: three for the soil 245 
matrix, three for the cement phase and one for the composite cemented soil. The values of the 246 
constants relative to the sand matrices have been selected based on triaxial experimental results 247 
and the assumed values are indicated in Table 1. The critical state friction strength ratio M and 248 
the critical state porosity ηcs for Osorio sand have been derived from published triaxial tests by 249 
Dos Santos et al. (2010). The same tests were used to establish a relationship between the peak 250 
to critical strength ratio (M*/M) and the state parameter () in order to determine the model 251 
parameter a governing relation (12) as shown in Figure 4. 252 
In absence of available triaxial test data performed on uncemented gravelly sand and crushed 253 
basalt materials, the critical state strength ratio M for these materials was derived by using large 254 
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strain (post peak) strength values for cemented gravelly sand and crushed basalt samples tested 255 
under conventional triaxial compression conditions by Floss (2012) which were found to be 256 
0.5 and 0.485, respectively. Unfortunately, the value of the critical state porosity ηcs under 257 
unconfined testing conditions for these materials could not be derived from the same test 258 
results. Thus, a value of critical state porosity ηcs corresponding to the average between the 259 
minimum, ηmin, and maximum porosity, ηmax, has been assumed for simplicity. A similar 260 
condition stands for ηcs value for the Osorio sand which, in this case, was calibrated 261 
independently based on the results from Dos Santos et al. (2010). The parameter a for 262 
uncemented gravelly sand and crushed basalt was also assumed to have a similar value to the 263 
one for the Osorio sand. 264 
The selection of the model’s parameters for the cement phases and the overall composites is 265 
more difficult and typical values published in the literature has been assumed as a guidance. 266 
As discussed in Diambra et al. (2017), the value of the model’s parameter β relative to the 267 
cement phase has been chosen based on typical ranges for Portland cement. The assumed value 268 
of β = -6 agrees also quite well with results of Leonards (1965), who investigated the static and 269 
dynamic frictional properties of plain smooth mortar. Chen et al. (2013) have shown values of 270 
β ranging between 5 and 7 and decreasing with increasing porosity of the cement mortar. 271 
Extensive experimental characterisation of the elastic properties of cemented soils by Felt and 272 
Abram (1957) suggests values of the Poisson’s ratio for cemented sand and silts between 0.22 273 
and 0.31 with a median value of about 0.26, while typical values of Poisson’s ratio for mortar 274 
matrix are around 0.20, as suggested by Swamy (1971). Therefore, values of 0.26 and 0.20 275 
have been assumed for the Poisson’s ratio of the composite material (𝜈) and the cementing 276 
phase (𝜈c), respectively, leading to the values of the cementing phase stress ratio of Ku=1.89 277 
(relation (17)) and Kt=2.25 (relation (18)). The uniaxial compressive strength of the cement 278 
phase (𝜎𝑐
𝑐 ) can be finally determined by matching unconfined compression and splitting tensile 279 
13 
 
strengths using Eqs (19) and (20) and imposing the values selected above for all the other 280 
model’s parameters. For each cemented soil blend and curing time, the calibration process has 281 
been enforced on three randomly selected unconfined compression and splitting tensile tests. 282 
Larger values of strength of the cement phase are associated with fine particles, suggesting that 283 
presence of fines may improve the creation of cementing bonds. This calibration procedure 284 
resembles the curve-fitting imposed by Abdulla and Kiousis (1997b) and Vatsala et al. (2001) 285 
for the calibration of the strength of the cementing bonds in their constitutive modelling 286 
developments. A summary of the assumed values for model’s parameters for each cemented 287 
soil blend is provided in Table 1. 288 
3.1.2 Simulations 289 
Comparison between model simulation and experimental data for the unconfined compression 290 
strength (qu) and splitting tensile strength (qt) is shown in Fig. 5 for cemented Osorio sand 291 
cured for different time periods. The data are presented in the strength versus η/Civ ratio plot 292 
while a direct comparison between model prediction and experimental data is proposed in the 293 
qmodel versus qexp graphs for each curing time analysed. The model predicts reasonably well the 294 
magnitude of both unconfined compression strength and splitting tensile tests, with the latter 295 
results largely lower. The hyperbolic relationship between strength and η/Civ ratio is also well 296 
captured by the model for both testing modes. The expected gain in strength with the curing 297 
period is reproduced by assuming increasing values of the cement strength (𝜎𝑐
𝑐) with time as 298 
shown in Table 1. This simulates the progressive occurrence of hydration chemical reaction 299 
and the formation of stronger interparticle cement bonds with time. The accuracy of the 300 
prediction seems to increase with increasing curing time and this may be the results of a larger 301 
variability of results at low curing time.  302 
Comparison between model simulation results and experimental data for the cemented crushed 303 
basalt and gravelly sand cured at 7 days are reported in Fig. 6. The model again predicts quite 304 
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well the hyperbolic relationship while the direct comparison between experimental and 305 
predicted compressive and tensile strengths (qmodel-qexp) shows equally a good correlation.  306 
4 DISCUSSION   307 
4.1.1 Parallelism with empirical formula 308 
The proposed relationships (19) and (20) based on theoretical developments have a different 309 
form compared with the empirically based relationships (1) and (2) proposed by Consoli et al. 310 
(2007) and Consoli et al. (2011). It is possible to simplify relationships (19) and (20) by 311 
introducing the following approximations to their bracketed terms: 312 
𝐾𝑢−𝑀∗
1−𝑀∗
≅ 𝑀∗(2.07𝐾𝑖)     (21)                 313 
𝐾𝑡−𝑀∗
2−𝑀∗
≅ 𝑀∗(0.93𝐾𝑖)      (22)    314 
The use of relationships (21) and (22) allows to consider a linear dependency between the 315 
cemented soil strengths (qu or qt) and the peak strength of the soil M* (M*=M(ηcs/η)a) in 316 
equations (19) and (20). After further manipulation, we can obtain the following expressions 317 
for the unconfined compression and tensile strengths, respectively:  318 
𝑞𝑢 =
4.14 𝑀  𝜎𝑐
𝑐𝜂𝑐𝑠
𝑎 𝐾𝑢
100 (𝛽+4−𝐾𝑢(𝛽+2))
(
𝜂
𝐶𝑖𝑣
1
𝑎
)
−𝑎
 (23)  319 
𝑞𝑡 =
0.93 𝑀  𝜎𝑐
𝑐 𝜂𝑐𝑠
𝑎 𝐾𝑡
100 (𝛽+4−𝐾𝑡(𝛽+2))
(
𝜂
𝐶𝑖𝑣
1
𝑎
)
−𝑎
 (24) 320 
As shown in Fig. 7, the transformations introduced by the relations (21) and (22) have no 321 
significant effect on the model predictions when compared with those given by relations (19) 322 
and (20). The relations (23) and (24) are now of similar form with the experimentally derived 323 
strength relationships in Eqs. (1) and (2) by Consoli et al. (2009b) and Consoli et al. (2010) 324 
with the exception of a power exponent 1/a to the Civ term. Nevertheless, it should be noted 325 
that for the three materials considered here, the exponent a was found to be rather close to unity 326 
(a~1.30; 1/a~0.77) and the power adjustment to the term Civ was not required to fit the 327 
experimental data in Consoli et al. (2009b) exercise. However, some experimental 328 
investigations on cemented materials containing better graded soils (Consoli et al. 2007, 329 
Consoli et al 2012) have shown that the consideration of a power exponent 1/a<1 in the 330 
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adjusted porosity/cement ratio (η/Civ1/a) of relation (1) provides a better fit to the experimental 331 
data. 332 
The parameter a of the proposed model corresponds to the power -Z in relations (1) and (2) and 333 
it confirms that the same value of the exponent -Z controls the strength in unconfined 334 
compression and tension testing conditions. The model also suggests that this parameter is 335 
entirely governed by the properties of the soil matrix. On the other hand, the parameters X and 336 
Y in (1) and (2) differ between them in the two testing modes, as also confirmed by the 337 
modelling developments, and they can be analytically expressed by the following relations: 338 
𝑋 =
4.14 𝑀  𝜎𝑐
𝑐𝜂𝑐𝑠
𝑎 𝐾𝑢
100 (𝛽+4−𝐾𝑢(𝛽+2))
 (25) 339 
𝑌 =
0.93 𝑀  𝜎𝑐
𝑐 𝜂𝑐𝑠
𝑎 𝐾𝑡
100 (𝛽+4−𝐾𝑡(𝛽+2))
 (26) 340 
The two terms are governed by a combination of parameters related equally to the soil matrix 341 
and the cementing phase.   342 
Parametric analysis 343 
The influence of the constituent’s properties on the overall compressive and tensile strengths 344 
of the cemented soil composite is investigated by performing a parametric analysis. As shown 345 
by Diambra et al. (2017), the assumed stress paths for the cement, Ku and Kt, which depend on 346 
both the assumed Poisson’s ratios for the cement phase and the composite material, have a 347 
minimal influence on the model predictions and it has not been presented in this work. On the 348 
other hand, the model parameter ηcs is introduced to normalise the actual porosity η and to 349 
estimate the current soil matrix strength following Eq. (12). This parameter is an inherent soil 350 
property and it can not be controlled.. Thus, the sensitivity analysis is conducted here only for 351 
the four most influential model parameters, which are those governing the strength properties 352 
of the two constituents: 𝜎𝑐
𝑐 and β for the cement phase, M and a for the soil phase. The effects 353 
of varying the value for these parameters within a reasonable range – compressive strength 𝜎𝑐
𝑐 354 
between 10 to 60 MPa, cement strength ratio β between -4 and -8, soil matrix strength between 355 
1.1 and 1.5 and the parameter a controlling the strength to density relationship between 1 and 356 
2 - are reported in Figure 8. Both compressive and tensile strengths are affected in the same 357 
way by the variation of the parameters.  The strength of the cement phase, 𝜎𝑐
𝑐, appears to be by 358 
far the most influential parameter (Fig. 8 a and b), corroborating the widespread knowledge 359 
that the selection of the cement type is indeed fundamental for ensuring adequate strength 360 
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performances. Selecting a soil matrix with better frictional properties may also marginally 361 
improve the strength of the cemented soil for the same amount of cement and compaction 362 
degree (Fig. 8 e and f) but any strength improvement is not comparable for what can be 363 
achieved by selecting a stronger binding agent. Some caution should be placed when assessing 364 
the effect of the parameter a (Fig. 8 g and h), since it has a direct connection with the adjusted 365 
porosity cement ratio η/Civ1/a on the x-axis. Overall, choosing a soil matrix with higher values 366 
of a (such as a well graded sand as discussed in Diambra et al., 2017) may have some beneficial 367 
improvement on strength but still rather limited if compared to the effect of the strength of the 368 
cementing phase.   369 
4.1.2 Tensile to compressive strength ratio 370 
The combination of (23) and (24) allows obtaining an explicit relationship that links both 371 
tensile and compressive strengths of the cemented soil:  372 
𝑞𝑡
𝑞𝑢
=
 2.07𝐾𝑡 (𝛽+4−𝐾𝑢(𝛽+2))
 1.86 𝐾𝑢    (𝛽+4−𝐾𝑡(𝛽+2))
           (26)                                                                                          373 
This relation is mainly dependent on the strength contribution of the cement phase through the 374 
slope stress paths, Ku and Kt, and the ratio between the uniaxial compression and tensile 375 
strengths of the cementing phase, β, which actually governs the friction ratio of the cementing 376 
phase, Mc, through Eq. (9).  Direct substitution of the parameters used in this study for the three 377 
investigated cemented materials leads to a value of qt/qu = 0.145, independent of the allowed 378 
curing time. This value compares well with the qt/qu = 0.15 suggested by the experimental data 379 
of Consoli et al. (2010) for Osorio sand, and with the qt/qu = 0.16 and qt/qu = 0.18 for cemented 380 
gravelly sand and crushed basalt experimentally found by Floss (2012). 381 
As shown in the Appendix and by the Eqs. (17) and (18), the slopes Ku and Kt of the cement 382 
stress paths (governing the qt/qu ratio) are dependent on the assumed values of the Poisson’s 383 
ratio for the composite soil ν and the cementing phase νc. However, variation of these values 384 
within the reasonable spectrum (ν=[0.2-0.31]; νc=[0.2-0.3] with ν > νc) resulted in rather limited 385 
variation of the qt/qu ratio between 0.139 and 0.147. The value to be adopted for the cement 386 
strength ratio, β, which proves indeed of more difficult, has instead a higher effect on the qt/qu 387 
ratio. The trend of the overall tensile to compression cement ratio with the parameter β and the 388 
corresponding friction angle of the cement phase 𝜙c=asin(Mc) is projected in Figure 9. 389 
Reasonable variation of the parameter β, to obtain friction angles for the cement phase between 390 
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about 20º to 42º, would produce a qt/qu ratio between 0.12 and 0.17, which is close to the 391 
experimental observed values by Floss (2012) and Consoli et al. (2012). 392 
5 CONCLUSIONS 393 
Theoretical derivations for both unconfined compression and splitting tensile strengths have 394 
been developed based on the concept of superposition of failure strength contributions of the 395 
soil matrix and cementing phases. Comparisons of model predictions with experimental data 396 
for three cemented clean sands and different curing times have shown the validity of the 397 
theoretical developments which capture the hyperbolic relationship between the strength and 398 
the porosity/cement ratio for both unconfined compression and splitting tensile test conditions. 399 
The model also provides some useful insights into the role of some material parameters on the 400 
behaviour of cemented sands: 401 
- Corroborating experimental findings, the hyperbolic relationships of unconfined 402 
compression (qu) and splitting tensile (qt) strengths versus the porosity/cement ratio 403 
(η/Civ) are characterised by a similar exponent Z (i.e. Eqs (1) and (2)). The proposed 404 
model suggests that such exponent is controlled by the properties of the soil matrix and 405 
it is related to the peak strength-density relationship of the soil. 406 
- The model suggests that the different values of the scalars X and Y, governing the 407 
hyperbolic relationships of unconfined compression (qu) and splitting tensile (qt) 408 
strengths versus the porosity/cement ratio (η/Civ) respectively, are related to the 409 
different stress paths followed by the overall composite cemented soil and its 410 
constituents. The values are affected by the strength of the cementing binds and the 411 
sand matrix, with the first factor much more influential than the latter. 412 
- For all three materials, the model yields to a constant splitting tensile to compression 413 
strength ratio (qt/qu) for the range of porosities and volumetric cement contents 414 
considered. The value of this strength ratio is primarily controlled by the frictional 415 
strength of the cementing bonds but it varies within a quite narrow range, corroborating 416 
past experimental findings. It also seems independent from the curing time.  417 
- Knowledge of the splitting tensile to compression strength ratio (qt/qu) enables the 418 
estimation of qt knowing qu and viceversa. The friction angle of a cemented granular 419 
soils is unique for a given soil and cement and its value is a function only of qt/qu ratio. 420 
Conversely, the cohesion of cemented granular soil can be determined if both qu and 421 
qt/qu are known. 422 
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- Because of the simplicity in both use and calibration, relationships of the form of Eqs 423 
(1) and (2) will likely still be preferred for practical use in routine engineering work. 424 
Nevertheless, the present work has provided meaningful connections between the 425 
governing coefficients of the empirical relationships and fundamental material 426 
properties, increasing confidence for the use of the empirical formulas and providing 427 
further guidance towards the design of specific soil and cement mixtures to satisfy 428 
required strength criteria   429 
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APPENDIX. Derivation of cement strength contribution 434 
Experimentally observed stress-strain relationship for cemented soil shows a quasi-elastic 435 
behaviour up to the peak strength conditions (Consoli et al., 2009a). In fact, the strain levels at 436 
failure are generally very small and elastic conditions have been assumed to determine the 437 
stress conditions at failure (Jaeger et al. 2007). It is supposed here that both the cemented 438 
composite soils and its cemented constituent phase behave under elastic conditions. Therefore, 439 
the elastic stress-strain relationship for the cemented soils can be written in the following way:   440 
[
𝜀𝑥
𝜀𝑦
𝜀𝑧
] =
1
𝐸
[
1 −𝜈 −𝜈
−𝜈 1 −𝜈
−𝜈 −𝜈 1
] [
𝜎𝑥
𝜎𝑦
𝜎𝑧
]           (A1) 441 
where E and 𝜈  are respectively the Young’s elastic modulus and Poisson’s ratio of the 442 
cemented soil and the material is considered isotropic. By applying the boundary conditions 443 
shown in Fig. 2 for unconfined compression (σz=qu, σy=0, σx=0) and splitting tensile (σz=3qt, 444 
εy=0, σx=- qt) tests, it is possible to derive the following strain field for the composite material 445 
as function of the material strength (qu or qt): 446 
[
𝜀𝑥
𝜀𝑦
𝜀𝑧
] =
𝑞𝑢
𝐸
[
−𝜈
−𝜈
1
]  for unconfined compression tests                                                  (A2) 447 
and 448 
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 [
𝜀𝑥
𝜀𝑦
𝜀𝑧
] =
−𝑞𝑡
𝐸
[
2ν2 + 3ν + 1
0
2ν2 − ν − 3
]   for splitting tensile tests (A3). 449 
Assuming strain compatibility between the composite material and its constituents, it is 450 
possible to impose the strain fields given by (A2) and (A3) in the following elastic stress-strain 451 
relationship for the cemented soil material: 452 
[
𝜎𝑐𝑥
𝜎𝑐𝑦
𝜎𝑐𝑧
] =
𝐸𝑐
(1+𝜈𝑐)(1−2𝜈𝑐)
[
1 − 𝜈𝑐 𝜈𝑐 𝜈𝑐
𝜈𝑐 1 − 𝜈𝑐 𝜈𝑐
𝜈𝑐 𝜈𝑐 1 − 𝜈𝑐
] [
𝜀𝑥
𝜀𝑦
𝜀𝑧
] (A4) 453 
where Ec and νc are respectively the Young’s elastic modulus and Poisson’s ratio of the 454 
cemented constituent phase. Thus, expressions for 𝜎𝑐𝑥  and 𝜎𝑐𝑧  in both unconfined 455 
compression and splitting tensile testing conditions can be derived and substituted in the 456 
conventional definition of the maximum shear and mean stress (tc, sc) invariants (tc=(𝜎𝑐𝑧- 457 
𝜎𝑐𝑥)/2 ; sc=(𝜎𝑐𝑧+ 𝜎𝑐𝑥)/2), to obtain the following slopes of the stress paths (Ku and Kt for 458 
unconfined compression and splitting tensile tests respectively) for the cementing constituents 459 
phase during loading:  460 
𝐾𝑢 =
𝑡𝑐
𝑠𝑐
=
𝜎𝑐𝑧−𝜎𝑐𝑥
𝜎𝑐𝑧+𝜎𝑐𝑥
=
2𝜈𝑐𝜈−1+2𝜈𝑐−𝜈
2𝜈𝑐𝜈−1+𝜈
        (A5) 461 
and  462 
𝐾𝑡 =
𝑡𝑐
𝑠𝑐
=
𝜎𝑐𝑧−𝜎𝑐𝑥
𝜎𝑐𝑧+𝜎𝑐𝑥
= 2
2𝜈𝑐−1
2𝜈−1
        (A6) 463 
These expressions are function of the Poisson’s ratios of the cemented material (ν) and 464 
cementing phase (νc) only. Intersection of these stress paths with the failure conditions for the 465 
cementing phase in Eq. (7), allows the estimation of mean stress contribution of the cementing 466 
phase at failure for both testing conditions, 𝑠𝑐𝑢 and 𝑠𝑐𝑡: 467 
𝑠𝑐𝑢 =
𝑏𝑐
𝐾𝑢−𝑀𝑐
      (A7) 468 
𝑠𝑐𝑡 =
𝑏𝑐
𝐾𝑡−𝑀𝑐
      (A8). 469 
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TABLES 571 
 572 
Table 1. Parameters of the proposed model 573 
Symbol Variable 
Values 
Osorio sand 
Gravelly 
sand 
Crushed 
basalt 
M Critical state soil strength ratio 0.54 (𝜙 ≈33°) 0.5 (𝜙 ≈30°) 0.485 (𝜙 ≈29°) 
ηcs Critical state soil porosity  42.8 29.1 45.5 
a 
Parameter governing 
dependence of soil strength on 
its density 
1.30 1.30 1.30 
𝜎𝑐
𝑐 
Uniaxial compressive strength of 
the cement   
27 MPa (3 days) 
35 MPa (7 days) 
42 MPa (28 days) 
  28 MPa 30 MPa 
𝛽 
Uniaxial compression and 
extension cement strength ratio 
-6 -6 -6 
νc Cement Poisson’s ratio 0.2 0.2 0.2 
ν Composite Poisson’s ratio 0.26 0.26 0.26 
  574 
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Table 2. Physical properties of the sand materials (after Consoli et al. (2017)) 575 
Soil Type Uniform 
Osorio 
sand 
Gravelly 
sand 
Crushed 
basalt 
Specific gravity 2.63 2.51 2.63 
Mean particle 
diameter, D50: mm 
0.16 2.0 0.28 
Uniformity 
coefficient, Cu 
1.9 13.7 3.2 
Curvature 
coefficient, Cc 
1.2 0.2 0.9 
Minimum porosity, 
ηmin 
37.5 23.7 38.3 
Maximum porosity, 
ηmax 
47.4 33.8 51.2 
Preponderant 
minerals 
Quartz Quartz Plagioclase 
& pyroxene 
Particles degree of 
roundness 
Rounded Sub rounded Sub rounded 
Particles surface 
texture 
Smooth Smooth Rough 
Soil classification 
(ASTM 2006) 
SP SP SP 
  576 
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Table 3. Granular soils molding parameters. 577 
Soil 
Uniform 
Osorio 
sand 
Crushed 
basalt 
Gravelly 
sand 
Void ratio 
(e) 
0.64, 0.70, 
0.78 
0.71, 0.84, 
0.96 
0.65, 0.73, 
0.84 
Cement 
content (%) 
1, 2, 3, 5, 
7, 9, 12 
1, 2, 3, 5, 7, 
9 
1, 2, 3, 5, 7 
Cement 
type 
PC III PC III PC III 
Moisture 
content (%) 
10 10 10 
η/Civ 
from 7 to 
101 
from 10.2 to 
70 
from 12.1 to 
88.4 
  578 
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 599 
Figure 1. Variation of qt and qu with porosity/cement ratio for Osorio sand – Portland cement (adapted from 600 
Consoli et al. 2010). 601 
 602 
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 604 
Figure 2. Assumed boundary conditions for (a) unconfined compression test and (b) tensile splitting test. 605 
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 607 
Figure 3. Particle size distribution for the three studied materials. 608 
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 610 
Figure 4. Calibration of parameter a for uncemented Osorio sand using triaxial tests by Dos Santos et al. (2010). 611 
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(a)                                                                                  (b) 
      
(c)                                                                                  (d) 
 
       (e)                                                                                  (f) 
Figure 5. Comparison between model prediction and experimental results for cemented Osorio sand for 7 days: 613 
(a–b) 3 days, (c–b) 7 days and (e–f) 28 days. 614 
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(a)                                                                                  (b) 
     
  (c)                                                                                  (d) 
Figure 6. Comparison between model prediction and experimental results for (a-b) gravelly sand and (c-d) 617 
crushed basalt.  618 
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(a)                                                                                  (b) 
  
(c) 
Figure 7. Comparison between experimental data, theoretical prediction and approximated formulas (23) and 619 
(24).  620 
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(a) (b) 
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(g) (h) 
Figure 8. Effect of varying values of morel parameters on both unconfined compressive and splitting tensile 621 
strengths prediction:  baseline values of the parameters: 𝜎𝑐
𝑐 =35 MPa, β = –6, M = 1.3, and a = 1.3, ηcs=35, 622 
𝜈=0.26 and 𝜈c=0.2.  623 
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 624 
Figure 9. Theoretical variation of qt/qu with assumed friction ratio of the cementing phase (β) and corresponding 625 
friction angle of the cementing phase (c), imposing 𝜈=0.26 and 𝜈c=0.2. 626 
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Notation list 644 
a Parameter linking peak strength to state parameter 645 
bc Cohesion of the cement phase 646 
Civ  Volumetric cement content (expressed in percentage)  647 
M Critical state strength ratio for the sand in the t -s stress plane 648 
Mc Slope of the failure line for the cement phase in the tc -sc plane 649 
M* Peak strength ratio for the sand in the t -s stress plane 650 
ku Composite stress ratio at failure for unconfined compression test 651 
kt Composite stress ratio at failure splitting tensile test 652 
Ku Cement stress ratio at failure for unconfined compression test 653 
Kt Cement stress ratio at failure splitting tensile test 654 
s Mean stress of the cemented sand 655 
sc Mean stress of the cement phase 656 
sm Mean stress of the sand matrix 657 
t Maximum shear stress of the cement sand 658 
tc Maximum shear stress of the cement phase 659 
tm Maximum shear stress of the sand matrix 660 
qt Unconfined compressive strength for the cemented sand 661 
qu Unconfined compressive strength for the cemented sand 662 
X Multiplying parameter in Empirical relationship (1) 663 
Y Multiplying parameter in Empirical relationship (2) 664 
Z Exponent of empirical relationships (1) and (2) 665 
β Uniaxial compression and extension cement strength ratio 666 
ε Strain for cemented sand 667 
εc Strain for cemented sand 668 
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 Friction angle for the sand matrix 669 
c Friction angle for the cement phase 670 
ν Poisson’s ratio for cemented sand 671 
νc Poisson’s ratio for cement phase 672 
μc Volumetric cement concentration 673 
μm Volumetric sand matrix concentration 674 
𝜎𝑐
𝑐 Uniaxial compression strength of the cementing phase 675 
𝜎𝑐
𝑡 Tensile strength of the cementing phase 676 
𝜓 State parameter 677 
η Porosity 678 
ηcs Porosity at critical state 679 
